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Abstract 

>V 

We study the classical and quantum cosmology of a 4 + 1-dimensional space-time with a non- 
zero cosmological constant coupled to a self interacting massive spinor field. We consider a spatially 
flat Robertson- Walker universe with the usual scale factor R(t) and an internal scale factor a(t) 
associated with the extra dimension. For a free spinor held the resulting equations admit exact 
solutions, whereas for a self interacting spinor field one should resort to a numerical method for 
exhibiting their behavior. These solutions give rise to a degenerate metric and exhibit signature 
' transition from a Euclidean to a Lorentzian domain. Such transitions suggest a compactification 

mechanism for the internal and external scale factors such that a ~ in the Lorentzian region. 
The corresponding quantum cosmology and the ensuing Wheeler-DeWitt equation have exact 
solutions in the mini-superspace when the spinor field is free, leading to wavepackets undergoing 
\^ ' signature change. The question of stabilization of the extra dimension is also discussed. 
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1 Introdution 



Higher-dimensional cosmology resulting from the solutions of higher-dimensional Einstein field equa- 
tions begun to develop with the works of Kaluza and Klein when they tried to geometrically unify 
gravitational and electromagnetic interactions by introducing an extra dimension in the space-time 
metric. Over a long period of time this work has been the focus of an active area of research [1]. 
The extra dimension in Kaluza-Klein approach has compact topology with compactification scale I 
so that at scales much larger than I extra dimensions are not observable. However, if one relaxes this 
condition by allowing the extra dimensions to assume large sizes, interesting physical effects appear. 
The birth of brane cosmology some few years ago has been the focus of much attention in this regard 
[2, 3]. The assumption that our observable universe may be embedded in a higher dimensional bulk 
has opened a new window in cosmology with different approaches adopted in utilizing the size of extra 
dimensions involved [4] . A rather similar approach to models with large extra dimensions comes from 
the space-time-matter theory where our 4D world is embedded in a 5D bulk devoid of matter [5]. 
This theory was later shown to be basically equivalent to the brane approach [6]. 

A question of interest in the classes of problems dealing with higher dimensional cosmology is 
the mechanisms through which compactification of extra dimensions can be achieved. One of the 
common methods in this regard is to use mechanisms based on signature transition in classical and 
quantum cosmology, first addressed in the works of Hartle and Hawking [7]. They argued that 
quantum cosmology amplitudes should be expressed as the sum of all compact Riemannian manifolds 
whose boundaries are located at the signature changing hypersurface. This phenomenon has been 
studied at the classical and quantum cosmology level by other authors, see for example [8], [9] and 
[10]. There are a number of works which support the idea that signature transition would provide 
a mechanism for compactification in higher dimensional cosmology [11, 12, 13, 14]. In [11] a higher 
dimensional FRW model with a positive cosmological constant was considered with topology S 3 x S 6 
as the spatial section and two scale factors a\ and 02- It was shown that classical signature change 
induces compactification, that is, drags the size of down and gives rise to a long-time stability at an 
unobservable small scale. In [12] the compactification mechanism is studied for a D + 1-dimensional 
compact Kaluza-Klein cosmology with a negative cosmological constant in which the matter field is 
either dust or coherent excitations of a dilaton field. Another effort in this direction can be found in 
[13] where the authors consider an empty 4 + 1-dimensional Kaluza-Klein cosmology with a negative 
cosmological constant in which the external space is an open FRW metric and the internal space 
contains a compact scale factor a. It is then shown that signature transition induces compactification 
on the scale factor a in the Lorentzian domain, dragging it to a small size of order lAj 1 / 2 . These 
efforts have mainly been made on the assumption that either the space is empty with a cosmological 
constant or filled with a scalar field. The cases in which the matter source is a spinor field have 
seldom been considered in the literature and it would thus be of interest to employ such fields in this 
study. 

In general, theories studying spinor fields coupled to gravity result in Einstein-Dirac system which 
are somewhat difficult to solve. The cosmological solutions of such systems have been studied in a few 
cases by a number of authors [15]. A general discussion on the possibility that classical homogeneous 
spinor fields can play the role of matter in cosmology can be found in [16]. The results of such a 
spinor cosmology are notable relative to the scalar field driven cosmology, particularly in inflation 
scenarios [17] and the prediction of cyclic universes [18]. In quantum cosmology, the Wheeler-DeWitt 
(WD) equation for a universe filled with a scalar field is a Schrodinger like equation with a potential 
barrier [19], suggesting a tunnelling mechanism for creation of the universe from nothing. In contrast, 
in spinor quantum cosmology, the WD equation becomes a Schrodinger like equation with a potential 
well and thus the creation of the universe can not be described by such tunnelling procedures, for a 
discussion on this issue see [10] . 

In this paper we consider a 4 + 1-dimensional Kaluza-Klein cosmology with a spatially flat 
Robertson- Walker metric, having two dynamical variables, the usual external scale factor R and 
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the internal scale factor a. The matter source in our model is a Dirac spinor field which can be 
free or self-interacting. The solutions of the resulting field equations show that they are continuous 
functions passing smoothly from a Euclidean to a Lorentzian domain through the signature changing 
hypersurface. They also provide a mechanism for compactification of the scale factors with different 
compactification scales, that is, of the order | yV | x / 2 for R and jAj 1 / 2 for a. These results are in 
agreement with the results of [13]. We also touch upon the interesting question of stabilization of the 
extra dimension in the case where the spinor field is self interacting. Finally, the quantum cosmology 
of the model is studied by presenting exact solutions to the WD equation in the case of free spinor 
fields. 



2 The action 

We start by considering a cosmological model in which the spacetime is assumed to be of spatially 
flat Robertson- Walker type with one compact extra dimension as the internal space such that the 
total bulk manifold has warped product topology 

M = M 1+3 xS\ (1) 

Adopting the chart {(3, x, y, z, p} where (3 represents the lapse function, x,y,z denote the external 
space coordinates and p is the internal space coordinate, the metric can be written as 

ds 2 = -(3df3 2 + R 2 {[3) (dx 2 + dy 2 + dz 2 ) + a 2 {(3)dp 2 , (2) 

where R{0) and a{(3) are the scale factor of the universe and the radius of the internal space respec- 
tively. From (2) it is clear that the sign of (3 determines the geometry, being Lorentzian if (3 > 
and Euclidean if (3 < 0. For (3 > the traditional cosmic time can be recovered by the substitution 
t = 2 :f3 3 / 2 and metric (2) becomes 

ds 2 = -dt 2 + R 2 (t) [dx 2 + dy 2 + dz 2 ) + a 2 (t)dp 2 , (3) 

where R(t) = R((3(t)) and a{t) = a{(3{t)) in the {t, x,y, z, p} chart. It should be noted that what 
we have called the lapse function here is slightly different than the much more popular ADM lapse 
function since this one enters the metric as beta instead of (3 2 . As in [8] we formulate our equations 
in a region that does not include (3 = and seek real solutions for R and a passing smoothly through 
the (3 = hypersurface. The Ricci scalar corresponding to metric (3) is 



K = 6 



R J? 2 
R + R 2 



d R a 

+ 2- + 6--, 4 
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where a dot represents differentiation with respect to t. 

With this preliminary setup we write the action functional as 

S = j ^^Ldtd 3 xdp, (5) 

where 

L = L grav + L ma tt- (6) 

Here, L grav represents the Einstein-Hilbert Lagrangian for the gravitational field with a cosmological 
constant A 

Lgrav = 72. — A. (7) 

The term L ma tt in (6) denotes the Lagrangian for the matter source, which we assume is a Dirac 
spinor field tp. As is well known the spinor field Lagrangian in curved spacetime is given by 

1 



Lmatt — 2 



VV 4 ^ + r M )v - - r^yv - v$, v), (8) 
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where 7 M (fi = 0,1,2,3,4) are the Dirac matrices associated with the spacetime metric satisfying 
the five dimensional Clifford algebra {7^,7^} = 2g y,v , are the spin connections and V(ip,ip) is a 
potential describing the interaction of the spinor field ip with itself. The 7^ matrices are related to 
the flat Dirac matrices 7" through the vielbeins as follows 

r = <l\ ^ = e° la . (9) 

For metric (3) the vielbeins can be easily obtained from their definition, that is, g^ u = e^e^rjai, leading 
to 

e a ^ = di&g(l,R,R,R,a), e£ = diag(l, 1/12, 1/12, 1/R, \/a). (10) 
Also, the spin connections satisfy the relation 

r^ = ^ A (^ + r^ e -) 7 V- (11) 

Thus for line element (3), use of (9) and (10) yields 

T = 0, Ti = -f 7V, i = 1, 2, 3, and T 4 = (12) 

where 7 , 7* and 7 4 are the Dirac matrices in the five dimensional Minkowski spacetime and we may 
always adopt a suitable representation in which 7 is diagonal with (7 ) 2 = —1. The final remark 
about the Lagrangian (8) is that for consistency of Einstein field equations with a spinor field as the 
matter source in the background metric (3), the spinor field ip must depend on t only, that is ip = ip(t) 
[10]. 

Now, substituting (7) and (8) into (5) and integrating over spatial dimensions results in an effective 
Lagrangian C in the mini-superspace {R, a, ip, ip}, that is 



C = -RaR 2 + -R 2 Ra + -AR 3 a + — R 3 a 
2 2 6 12 



^yV - V7V - 2V{ip, ip) . (13) 



3 Field equations 



Variation of Lagrangian (13) with respect to ip, ip, R and a yields the equation of motion of the spinor 
field and the Einstein field equations 

■ [SR ld\ , ndV . 
■- fSR la\ - dV o n 

^{2R + 2a)^^ = °' (15) 

R R 2 Ra A 1 / 7 dV dV \ Tr , T ,, , , 

2 R + W + 2 Ra - A = 2 {*9f + - V{ *^ <16) 

S * +S «-A-i^ + ^-V(*,«). (17) 



R 2 R 2 V <9Y> 5-0 

The "zero energy condition" also reads 



H = ^R + ^a + ^iP + ip^-C = 0, (18) 
OR da dip dip 



yielding the constraint equation as 



s|J + 3^-A = -y(v^). (19) 
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It is clear that the right hand sides of equations (16), (17) and (19) represent the components of the 
energy-momentum tensor where the energy density of the spinor field is given by 



p = T 0Q = -V(^,i>). 
To make Lagrangian (13) manageable, consider the following change of variables 

R = (u + v) 1 ^ 2 , a = (u + v)^ 1 ^ 2 (u — v ) . 
In terms of the new variables (u,v), Lagrangian (13) takes the form 

C = i (u 2 - v 2 ) + (u 2 ~v 2 )+-^ (u 2 - v 2 ) [^°tP - ^yV " VO 
with the energy constraint (19) becoming 

n = \ (u 2 - v 2 ) - ±a (u 2 -v 2 ) + l (u 2 - v 2 ) V{^) = 0. 



(20) 



(21) 



(22) 



(23) 



In terms of the new variables, the field equations (14)-(17) can be obtained by the variation of 
Lagrangian (22) with respect to its dynamical variables (tp,ip,u,v) with the result 



■ uii — vis , n dV 
u z — v z dip 



= 0, 



ip + 



dV 



uu — vv 



v? — v 2 r dip 



V> - T7-7 U = 0, 



1 (l dV dV , 

1 f -dV dV 

v Av v ( V'ttt + "ETtV' _ 
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0, 
0. 



(24) 

(25) 
(26) 
(27) 



dtp dtp 

Our goal would now be to concentrate on the solutions of these equations for various forms of the 
potential V. 



4 Solutions 

Up to this point the cosmological model has been rather general. However, motivated by the desire 
to find suitable smooth functions R(t), a(t), ip(t) and in particular to stabilize the internal degree of 
freedom, a suitable potential V(ip~, ip) should be chosen. First, we assume that this potential has the 
property 

= < 28 > 

This is not a severe restriction on the form of the potentials as most of the potentials in use would 
satisfy the above condition. With this property in mind, we can integrate equations (24) and (25) to 
obtain 

^ = = 4r> (29) 

u z — v z R^a 

where C is an integrating constant and we have used transformations (21). 

In general the potential V(ip, ip) should describe a physical self-interacting spinor field and is 
usually an invariant function constructed from the spinor ip and its adjoint ip. Some of the common 
forms for V are: V(ip, ip) = rwipip representing a free spinor field of mass m, V(ip, ip) = rmp~tp + J^J^ 
where = ipj^ip and known as the Thirring model, V(ipip) = mtptp + X(ipip) n and so on. In what 
follows we focus attention on two cases, the free and self-interacting spinor field potentials with the 
latter having a term of the form (ipip) n . 
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4.1 Free spinor field 



This is the simplest case in which the potential has the form V(ip,ip) 
and (29) results in obtaining the energy density of the spinor field 



P=~ 



mC 



mijjijj. Use of equations (20) 



(30) 



The condition p > demands that the integrating constant C be negative and as such, we choose it 
to be —1. For the initial conditions we take u(0) = v(0) = 0, whose relevance will be discussed in the 
next section. Integrating equations (26) and (27), one is led to 



u(t) = Acos 




v(t) = £> cos 




(31) 



where A and B are two integrating constants. Now, these solutions must satisfy the "zero energy 
condition," equation (23). Thus, substitution of equations (31) into (23) gives a relation between A 
and B 

42 «2_ ™ 



A l -B l 



-A' 



(32) 



If one chooses the constants A and B such that A — B = 1, then one finds the following solutions in 
terms of (3 




Also, the energy density and Ricci scalar are obtained as 



R(I3) 



-A 



cos^fyqi^)' 



n 



-A 



tan 



-A/3 3 / 2 



(33) 
(34) 

(35) 



The classical solutions (33) and (34) describe a Kaluza-Klein universe with a cosmological constant 
filled with a free spinor field. When A < 0, both scale factors R and a are unbounded in the 
Euclidean region (3 < 0, passing continuously through (3 = and exhibiting bounded oscillations 
in the Lorentzian region (3 > 0. For |A| S> 0, these solutions give rise to a small scale factor R 
passing smoothly from Euclidean to Lorentzian regions. The scale factor a will be very large in both 
regions compared to the scale factor R and passes through /3 = smoothly. The scale factor R is 
thus compactified to a small size of order |A| -1 / 2 in the Lorentzian domain. Taking |A| ~ 0, the 
scale factor a(f3) becomes very small in comparison to R{(3). As it is clear, it passes through (3 = 

continuously with a very small value a(0) = an d oscillates for (3 > with amplitude (^j-^j 

One of the interesting features in this case is that signature transition can induce compactification 
on the scale factor a([3) in the Lorentzian region, dragging it to a small size of order |A|V2. The first 
zero of the oscillatory functions appearing in (33) and (34) in the (3 > region occurs at 



2/3 



-2A 



(36) 



From (36) it is seen that for a small value of the cosmological constant (large (3$) we have an extended 
Lorentzian region < (3 < (3q which would correspond to a Kaluza-Klein cosmology with a large scale 
factor R and a stable compactified internal scale factor a. Note that for |A| ~ 10~ 56 cm~ 2 we have 
(3q > present age of the universe. These results are completely in agreement with [13] in which an 
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empty Kaluza-Klein universe with negative curvature (k = — 1) was investigated. However, it is worth 
noting that for k = this model becomes singular due to the appearance of k in the denominator of 
the scale factor R. In the present discussion our model is free of such singularities for k = 0. 

When A > 0, both scale factors R((3) and a{(3) have oscillatory behavior in the Euclidean region 
passing smoothly through (3 = and are unbounded in the Lorentzian domain. Since signature tran- 
sition does not lead to compactification and the energy density of the spinor field becomes negative, 
this case is not of interest in our present investigation. 

4.2 Self-interacting spinor field 

In this section we consider a self interacting potential which we have chosen to be of the following 
form 

V(ip, Y>) = mtpi/j + H^Ti (37) 

where A is a coupling constant and n > 0. Since this potential has the property represented by 
equation (28), integrating equations (24) and (25) again yields 

W = —^——2-i (38) 

where T> is a constant which is not necessarily equal to C in (30). Using this result in equations (26) 
and (27) one obtains the following dynamical equations for u and v in terms of the evolution variable 

P 

u" = ~u - hpu(u 2 - v 2 )~ n + ^A(3u, (39) 

v" = ~v - \kPv{u 2 - v 2 )~ n + 2 -K(3v, (40) 

where |/c = — n)XD n and a prime represents differentiation with respect to (3. Note that k should 
not be confused with curvature here. Also the zero energy constraint (23) takes the form 

-4H = \{~u' 2 + v' 2 ) - -k{u 2 - v 2 f- n + \k{u 2 - v 2 ) - \mV = 0. (41) 

fj 4i o o 

The coupled equations (39) and (40) should now be solved and since their solutions must automatically 
satisfy the energy constraint, equation (41) becomes only a restriction on the initial conditions. Note 
that equations (39) and (40) are a system of coupled non-linear differential equations with moving 
singularities [21] at the critical values (3 C at which u{(3 c ) = ±v((3 c ). In terms of the original variables 
we have a((3 c ) = 0, R{f3 c ) = and a(/3 c ) = oo. These equations do not have closed form solutions. 
However, such system of equations have been investigated in [9] and [21] where analytic solutions near 
(3 = are obtained and a numerical method to find the solutions for the full range of (3 is presented. 

For the problem at hand, in order to have well behaved solutions closed to (3 = 0, the first term 
in equation (41) imposes that u'{(3) ~ (3 r and v'((3) ~ /3 P , where r,p > \ or |w'(0)| = K(0)|. On the 
other hand the first terms on the right hand side of equations (39) and (40) imply that near (3 = 
these equations admit solutions of the form u'{(3) ~ /3 1 / 2 and v'{(3) ~ (3 1 / 2 which impose a more sever 
restriction on the initial conditions. Also, they are not real or C 2 across (3 = 0. It is easy to show 
that regular solutions close to (3 = are of the form [9] 



2 

u{0) = A(3 3 + u where A = -- 

2 

v {(3) = B(3 3 + v where B = -- 



3 kuo 2 

4 (u 2 - v 2 Y ~ 3 



3 kvQ 2 



(42) 
(43) 



where «o = u{0) and vq = v(0). Thus the following initial condition must be satisfied 

u'(0) = v'(0) = and u"(0) = v"{0) = 0. (44) 
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Figure 1: Left, the scale factor R for a self interacting spinor field and right, the internal scale factor a for the same 
field, both for k = 1 and n 



| with §A : 



-1 and \vnV — 1. 



The above initial conditions are those we used for finding solutions (31). One should note that since 
we have a system of coupled second order differential equations, the relations u"(0) = v"(0) = are 
not initial conditions but rather consistency checks. Therefore the initial values for functions u and 
v should now satisfy equation (41) 

\k(ul - vlf~ n - 2 -K{ul - vl) + 2 -mV = 0. (45) 

Equation (45) shows an implicit relation from which one can find the possible initial values for u and 
v. What remains is the solution of the system of equations (39) and (40) with the initial conditions 
(45). As mentioned before this system cannot not be solved analytically and one may use the same 
numerical method as described in [9, 21]. The results for the scale factors R and a are shown in 
figure 1 for typical values of the parameters. As it is clear from the figure, both external scale 
factor R and internal scale factor a are unbounded functions in the Euclidean region (3 < passing 
smoothly through the signature changing hypersurface (3 = and are bounded in the Lorentzian 
region (3 > 0. Note that as in the free spinor field case, signature transition induces compactification 
on the scale factors but the compactification scale for the internal space is much smaller than that 
for the external space. Indeed equations (33), (34) and figure 1 show that in the presence of a free 
or self interacting spinor field the corresponding Kaluza-Klein cosmology has a large external scale 
factor in the Lorentzian domain with a size of order |A| -1 / 2 together with a small compact internal 
space having a radius of order jAj 1 / 2 . 



5 Stabilization 



A problem of great importance in theories dealing with extra dimensions is the question of their 
stabilization which we are now going to address. In general, as it was shown in [22], stabilization 
of the extra dimension is related to the properties of the potential appearing in the theory. From 
Lagrangian (13) we can write the potential as 



U = ~kR 3 a + ^R 3 aV(4>^). 



(46) 



Taking V(ip,ip) = rmpip + \(i()tp) n and writing iptp = V/R 3 a from equation (38), the potential takes 
the form 

1 



U 

dU 



--AR 3 a + -\V n (R 3 a) 1 ~ n 
6 6 

dU I 



+ -mV, 
6 



whose minimum occurs when ^\r =0 and ^\ ao = 0, yielding 



a 



XD n {n- lJIAI 3 "/ 2 - 1 



l/n 



(47) 



(48) 
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where we have used the approximation Rq ~ |A| l / 2 resulting from our classical solution (33). Also, 
the second derivative of U with respect to a becomes 



U"(a ) = n{n - l)XD n Rl^ n a Q n -\ (49) 

which for n > 1 renders the potential minimum at do- Let us now expand Lagrangian (13) around 
this minimum as a(t) = do + 5a. Defining 5 = Sa/ao, it is easy to show that 5 = Soe 1 ^ where 
u) 2 oc U"(ao) > [22]. One should note that if the spinor field is free, i.e. A = 0, then the potential 
does not have a minimum and the internal degree of freedom a(t) is not stable. This is also clear from 
the classical solution (34) which also shows that the internal scale factor oscillates between zero and 
a finite size. In summery, having a stable internal space is only possible in this model if the spinor 
field is self interacting with n > 1 in equation (37). 

6 Quantum cosmology 

We now focus attention on the study of the quantum cosmology of the model described above. We 
start by writing the Wheeler-DeWitt equation from Hamiltonian (23). As we saw earlier, a self- 
interacting spinor field results in equations which are complicated and difficult to solve. One would 
therefore expect the corresponding quantum cosmology to become equally complicated. However, this 
is not the case when we have a free spinor field. This motivates us to concentrate on the quantum 
cosmology corresponding to the classical solutions represented by equations (33) and (34) which can 
be cast into an oscillator-ghost-oscillator system whose solutions are well known. The WD equation 
resulting from Hamiltonian (23) with V(tp,ip) = m-ipip and equation (29) can be written as 



du 2 dv 2 6 



V(u,v)=0, (50) 



where u> 2 = — |A. This equation is separable in terms of the mini-superspace variables and a solution 
can be written as 

®m,n 2 (u,v) = a ni (u)/3 n2 (v) Hi, n 2 = 0, 1, 2, ... (51) 

where 

a n (u)=^) 1/4 ^e-^ 2 H n ^u), (52) 

/ N 1/4 1 

&(«) = (-) ^e-^^H^v), (53) 
and H n (x) is a Hermite polynomial. The zero energy constraint Ti = then yields 

1 m SrA\ 

n 2 -n 1 = — — . 54 

12 LO 

Note that since equation (30) shows m as the total energy of the spinor field, this equation represents 
a quantization condition of the spinor field energy. The set {Q ni>n2 (u,v)} is a base for the Hilbert 
space of the measurable square-integrable functions on R 2 with the usual inner product 



/ 



$ni,n 2 (U, V)^ n ' ltn ' 2 (u, v)dudv 

^ni ,n\ &n,2 ,n' 2 j 

(55) 



which is the result of the orthogonality and completeness properties of the Hermite polynomials. 
Now, the general solution of equation (50) can be written in the form 

y( U ,v) = ^2 A ni,n 2 ^ni,n 2 (.U,v), (56) 

m,n 2 
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where the prime on the sum indicates summation over all values of n\ and n 2 satisfying constraint 
(54). The coefficients A ni: n 2 are given by [20] 

A nu n 2 _ ^V /4 (n 2 /2)\c ni 



V2"2n 2 ! \loJ (-l) n 2/ 2 n 2 !' 
for even values of n 2 and are arbitrary for odd values of n 2 . In equation (57), c n is defined as 



,71 



-= e " I/4|M|1 Js' (58) 

where xo is an arbitrary complex number. For a more detailed discussion on the forms of the solutions 
and their various graphical representations and different boundary conditions the reader is referred 
to [20]. 

To understand the predictions of the quantum cosmology of the model, we note that equation 
(50) is a Schrodinger-like equation for a two dimensional oscillator-ghost-oscillator with zero energy 
moving in the potential 

1 77? 

U(u,v) =v 2 -u 2 - (59) 
6 uj z 

This potential has a saddle point at u = v = 0, making it possible to divide the mini-superspace 
into two regions characterized by IA > for the classically forbidden or Euclidean and U < for the 
classically allowed or Lorentzian region. The boundary of the two regions is given by U = 0, that is 

Comparing the above values of u and v with the classical solutions (31) and (32) shows that they 
correspond to (5 = 0, thus the same boundary separates the Euclidean and Lorentzian regions in 
both classical and quantum cosmology. The behavior of the wave function is exponential in the 
Euclidean domain and oscillatory in the Lorentzian region. Therefore, the smallest allowed values 
for n 2 and n\ in (56) lead to a wave function defined in the Euclidean region. For other values and 
with more terms, equation (56) gives the wave function in the Lorentzian domain. As in the theory 
of oscillatory motion in quantum mechanics where the square of the wave function has its largest 
value at the turning points, the square of our wave function in the allowed (Lorentzian) region has 
also its largest value corresponding to the values of u and v satisfying equation (60), i.e. at the 
signature changing hypersurface in whose vicinity the classical solutions are defined. In general, such 
wavepackets represent a universe with no singularity at the signature changing hypersurface, that is, 
the universe appears from a Euclidean region without tunnelling. 



7 Conclusions 

In this paper we have studied the solutions of Einstein field equations coupled to a Dirac spinor field 
in a 4 + 1-dimensional Kaluza-Klein cosmology with a Robertson- Walker type metric and a negative 
cosmological constant. We have also explored the possibility of having solutions that are described by 
degenerate metrics signifying transition from a Euclidean to a Lorentzian domain. The spinor fields 
representing the matter source in this study have been taken to be either free or self interacting. In 
the case of a free spinor field we obtained exact solutions for the resulting Einstein-Dirac system. 
However, when the matter field is self interacting, the resulting equations are not amenable to exact 
solutions and posses the property of having moving singularities. A numerical method for this class 
of differential equations has been developed previously and were used to find the solutions for this 
case. The behavior of the solutions shows that the role of the coupling constant in the self-interacting 
potential is the same as a perturbation on the free spinor solutions. Both of these solutions predict 
signature transition from a Euclidean to a Lorentzian region. We have shown that for a very small 
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cosmological constant, signature change can induce compactification either on the external or internal 
scale factors in the Lorentzian region, but with different compactification scales, that is, ~ |A| -1 / 2 
for R and ~ jAj 1 / 2 for a. An interesting property of this model is that the extra dimension turns 
out to be stable in the case of self-interacting spinor fields. The quantum cosmology of the model for 
the case when the spinor field is free was also studied. The corresponding WD equation was found 
from the Hamiltonian describing an oscillator-ghost-oscillator system. The exact solutions of the WD 
equation show wavepackets undergoing signature transition and lead to a quantization condition for 
the total energy of the system. 
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